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Function spaces
𝐿1(ℝ) : absolutely integrable functions

𝑓 ∈ 𝐿1 ℝ ⇔  
ℝ

𝑓 𝑥 d𝑥 < +∞

𝐿2(ℝ) : square-integrable functions

𝑓 ∈ 𝐿2 ℝ ⇔  
ℝ

𝑓 𝑥 2d𝑥 < +∞

𝐿∞(ℝ) : bounded functions

𝑓 ∈ 𝐿∞ ℝ ⇔ ∃𝐶 ∈ ℝ: 𝑓 𝑥 ≤ 𝐶 p.p.



Inclusions

𝐿1 ℝ ⋂𝐿∞ ℝ ⊂ 𝐿2 ℝ

Proof ∫ 𝑓 2 ≤ ∫ 𝑓 ∞ 𝑓 = 𝑓 ∞ 𝑓 1

𝑓 ∈ 𝐿2(ℝ) and ∃𝐴: ∀ 𝑥 > 𝐴, 𝑓 𝑥 = 0 ⇒ 𝑓 ∈ 𝐿1 ℝ

Proof

∫ 𝑓 = ∫𝑓 >1
𝑓 + ∫0< 𝑓 ≤1

𝑓 +∫𝑓 =0
𝑓

≤ ∫𝑓 >1
𝑓

2
+ ∫0< 𝑓 ≤1

1 ≤ 𝑓 2
2 + 2𝐴



Rules

𝐿𝑘 ⋅ 𝐿∞ → 𝐿𝑘

𝐿2 ⋅ 𝐿2 → 𝐿1

𝐿𝑘 ∗ 𝐿1 → 𝐿𝑘

𝐿2 ∗ 𝐿2 → 𝐿∞



Continuos-time Fourier Transform for
absolutely integrable functions

𝑓 ∈ 𝐿1 ℝ , its CTFT is  𝑓 or ℱ(𝑓) :

∀𝜈 ∈ ℝ,  𝑓 𝜈 = ℱ 𝑓 𝜈 =  
ℝ

𝑓 𝑥 𝑒−2𝑖𝜋𝜈𝑥𝑑𝑥

 𝑓 is continue, bounded(  𝑓
∞

≤ 𝑓 1) and the limit of f as x

approaches infinity is 0.

Example: compute the CTFT of 𝕀
−

1

2
,
1

2

𝑥

 𝑓 𝜈 =
sin 𝜋𝜈

𝜋𝜈
= sinC 𝜋𝜈
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Inversion

If  𝑓 ∈ 𝐿1 ℝ ⋃𝐿2 ℝ the inverse transform is

 ℱ 𝑓 𝜈 =  
ℝ

𝑓 𝑡 𝑒2𝑖𝜋𝑡𝜈d𝑡

then  ℱ ℱ(𝑓) = 𝑓

Point-by-point identity for, 𝐿1 ℝ norm-identity in 𝐿2 ℝ

Example : compute the transform of 𝑔 𝑥 = sinC 𝜋𝑥 2

ℱ 𝑔 = ℱ ℎ ⋅ ℎ = ℱ ℎ ∗ ℱ ℎ



Properties

Land :
𝑓, 𝑔 ∈ 𝐿1 ∪ 𝐿2, 𝜙 𝑥 = 𝑒2𝑖𝜋𝜈0𝑥 , 𝑓𝑦 𝑥 = 𝑓(𝑥 − 𝑦)

ℱ 𝑓 ∗ 𝑔 =  𝑓  𝑔
ℱ 𝑓𝑔 =  𝑓 ∗  𝑔

ℱ 𝜙𝑓 =  𝑓 𝜈 − 𝜈0

ℱ 𝑓𝑦 𝜈 =  𝑓 𝜈 𝑒−2𝑖𝜋𝜈𝑦



Properties

Symmetry : If  ∀𝑥 ∈ ℝ, 𝑓 𝑥 = 𝑓(−𝑥), 
then ∀𝜈 ∈ ℝ,  𝑓 𝜈 =  𝑓(−𝜈)

Hermitian Symmetry : If   𝑓 is real, alors

∀𝜈 ∈ ℝ,  𝑓 −𝜈 =  𝑓 𝜈

If  𝑓 is real and even ,  𝑓 is real and even

Re-normalisation of time

ℱ 𝑓 𝜆𝑥 𝜈 =
1

𝜆
 𝑓

𝑥

𝜆

Example : compute the CTFT of 𝕀
−

𝐴

2
,
𝐴

2
 𝑓 𝜈 = 𝐴 sinC 𝐴𝜋𝜈



Properties

∀𝑘 ∈ 0,1, … 𝐾 , 𝑥𝑘𝑓 𝑥 ∈ 𝐿1 ℝ ⇒

 𝑓 ∈ 𝒞 𝑘 (ℝ) and  𝑓 𝑘 𝜈 = ℱ[ −2𝑖𝜋𝑥 𝑘𝑓 𝑥 ]

∀𝑘 ∈ 0,1, … 𝐾 , 𝑓 ∈ 𝒞 𝑘 ℝ ,

𝑓(𝑘) 𝑥 ∈ 𝐿1 ℝ
⇒

∀𝑘 ∈ 0,1, … 𝐾 , lim
|𝜈|→∞

𝜈𝑘  𝑓 𝜈 = 0

and ℱ 𝑓 𝑘 (𝜈) = 2𝑖𝜋𝑥 𝑘  𝑓 𝜈



Fourier Series

If  𝑓 ∈ 𝐿1 −
1

2
,
1

2
, the FS is the sequence 𝑐𝑘:

∀𝑘 ∈ ℤ, 𝑐𝑘 =  
−

1
2

1
2

𝑓(𝑡)𝑒−2𝑖𝜋𝑘𝑡d𝑡

𝑐𝑘 tends to zero for 𝑘 → ±∞

𝑳∞

𝑳𝟐

𝑳𝟏



Properties

𝑓, 𝑔 ∈ 𝐿𝑝 −
1

2
,
1

2
, 𝑐, 𝑑 are their FS.

ℱ 𝑒2𝑖𝜋𝑚𝑡 = 𝛿𝑘−𝑚

𝑝 = 1, ℱ 𝑓 ∗ 𝑔 = 𝑐𝑑
𝑝 = 2, ℱ 𝑓𝑔 = 𝑐 ∗ 𝑑

ℱ 𝑓 𝑡 𝑒2𝑖𝜋𝑘0𝑡 𝑘 = 𝑐 𝑘 − 𝑘0

ℱ 𝑓 𝑡 − 𝑦 𝑘 = 𝑐 𝑘 𝑒−2𝑖𝜋𝑘𝑦



Properties
Hermitian Symmetry : If  𝑓 is real, 𝑐−𝑘 =  𝑐𝑘

Symmetry : If  ∀𝑥 ∈ ℝ, 𝑓 𝑥 = 𝑓 −𝑥 , 𝑐−𝑘 = 𝑐𝑘

If  𝑓 is real and even , its FS is also real and even

Parseval : If  𝑓 ∈ 𝐿2 −
1

2
,
1

2
and 𝑐𝑘 is its FS, then

𝑐𝑘 ∈ 𝑙2(ℤ) et
𝑓 2 = 𝑐 2



Inversion

𝑓 ∈ 𝐿1 −
1

2
,
1

2
and 𝑐 ∈ 𝑙1

⇒ ∀𝑡 ∈ −
1

2
,
1

2
,  

𝑘∈ℤ

𝑐𝑘𝑒2𝑖𝜋𝑡𝑘 = 𝑓(𝑡)

𝑓 −⋅ is the DTFT of 𝑐𝑘

𝑓 ∈ 𝐿2 −
1

2
,
1

2
⇒ ∀𝑡 ∈ −

1

2
,
1

2
,  𝑘∈ℤ 𝑐𝑘𝑒2𝑖𝜋𝑡𝑘 tends to 

𝑓(𝑡) in norm:

lim
𝐾→∞

 
ℝ

𝑓 𝑡 −  

𝑘=−𝐾

𝐾

𝑐𝑘𝑒2𝑖𝜋tk 𝑑𝑡 = 0



Properties

If  

𝑓 ∈ 𝐿1 −
1

2
,
1

2
⋂𝒞 𝑁 ,

then :

lim
𝑘 →∞

𝑘𝑁𝑐𝑘 = 0



Example : échantillonnage d’une onde
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Poisson formula

𝑓 ∈ 𝐿1 ℝ ,  𝑓 ∈ 𝐿1 ℝ , 𝑓 𝑛 ∈ 𝑙1,  𝑓 𝑚 ∈ 𝑙1 ⇒

∀𝜈 ∈ −
1

2
,
1

2
,  

𝑚∈ℤ

𝑓 𝑚 𝑒−2𝑖𝜋𝑚𝜈 =  

𝑛∈ℤ

 𝑓 𝜈 + 𝑛



Poisson formula

•  𝑚 𝑓 𝑚 =  𝑛
 𝑓(𝑛)

• ∀𝜈 ∈ −
1

2
,
1

2
 𝑢 𝜈 =  𝑛∈ℤ

 𝑓 𝜈 + 𝑛

• Aliasing
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 𝑢 𝜈 =  

𝑛∈ℤ

 𝑓 𝜈 + 𝑛

u(n)^

𝑓(𝜈 + 2)𝑓(𝜈 + 1)𝑓(𝜈 − 2)𝑓(𝜈 − 1)𝑓(𝜈)



^

∀𝜈 ∈ −
1

2
,
1

2
 𝑢 𝜈 =  

𝑛∈ℤ

 𝑓 𝜈 + 𝑛
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,
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2
 𝑢 𝜈 =  

𝑛∈ℤ

 𝑓 𝜈 + 𝑛

u(n)^
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Shannon sampling theorem
𝑓 ∈ 𝐿1 ℝ , ∀𝜈 ∉ −

1

2
,
1

2
 𝑓 𝜈 = 0 and 𝑓 𝑛 ∈ 𝑙1

then

∀𝑡 ∈ ℝ, 𝑓 𝑡 =  

𝑛∈ℤ

𝑓 𝑛 sinC 𝜋 𝑡 − 𝑛

And 

∀𝜈 ∈ −
1

2
,
1

2
,  

𝑚∈ℤ

𝑓 𝑚 𝑒−2𝑖𝜋𝜈𝑚 =  𝑓 𝜈



Perfect reconstruction

∀𝑡 ∈ ℝ, 𝑓 𝑡 =  𝑛∈ℤ 𝑓 𝑛 sinC 𝜋 𝑡 − 𝑛



∀𝑡 ∈ ℝ, 𝑓 𝑡 =  𝑛∈ℤ 𝑓 𝑛 sinC 𝜋 𝑡 − 𝑛

Perfect reconstruction



∀𝑡 ∈ ℝ, 𝑓 𝑡 =  𝑛∈ℤ 𝑓 𝑛 sinC 𝜋 𝑡 − 𝑛

Perfect reconstruction



Other reconstructions

∀𝑡 ∈ ℝ, 𝑓 𝑡 =  

𝑛∈ℤ

𝑓 𝑛 sinC 𝜋 𝑡 − 𝑛

Problems



Other reconstructions

∀𝑡 ∈ ℝ, 𝑔 𝑡 =  

𝑛∈ℤ

𝑓 𝑛 ℎ 𝑡 − 𝑛

Trunkated 𝐬𝐢𝐧𝐂 : ℎ 𝑡 = sinC 𝑡 𝕀 −𝑇,𝑇 𝑡

Error is O
1

𝑇



Other reconstructions

Polynomial interpolation polynomiale : 𝑔(𝑡) is a 
polynomial and ∀𝑛 ∈ ℤ, 𝑔 𝑛 = 𝑓(𝑛)

Zero-order Interpolation : ℎ 𝑡 = ℎ0 𝑡 = 𝕀
−

1

2
,
1

2

𝑡

∀𝑡 ∈ ℝ, 𝑔 𝑡 =  

𝑛∈ℤ

𝑓 𝑛 ℎ0 𝑡 − 𝑛 ⇔

∀𝑡 ∈ 𝑚 −
1

2
, 𝑚 +

1

2
, 𝑔 𝑡 = 𝑓(𝑚)



Other reconstructions

First order Interpolation : 
ℎ 𝑡 = ℎ1 𝑡 = (ℎ0∗ ℎ0)(𝑡)
= (1 − |𝑡|)𝕀 −1,1 (𝑡)

∀𝑡 ∈ ℝ, 𝑔 𝑡 =  

𝑛∈ℤ

𝑓 𝑛 ℎ1 𝑡 − 𝑛

Let 𝜃 = 𝑡 − 𝑚. 

∀𝑡 ∈ 𝑚, 𝑚 + 1 , 𝜃 ∈ 0,1



Other reconstructions
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Other reconstructions
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Other reconstructions
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Reconstruction error
𝑓 satisfies Poisson

𝑔 𝑡 =  

𝑛

𝑓 𝑛 ℎ(𝑡 − 𝑛)

 𝑔 𝜈 =  

𝑛∈ℤ

𝑓 𝑛  ℎ 𝜈 𝑒−2𝑖𝜋𝜈𝑛 =  ℎ 𝜈  

𝑚∈ℤ

 𝑓(𝜈 + 𝑚)

• Linear distortion  ℎ(𝜈)

• Aliasing



Reconstruction error
𝑓 satisfies Poisson and its spectrum has support in −

1

2
,
1

2

𝑔 𝑡 =  𝑛 𝑓 𝑛 ℎ(𝑡 − 𝑛) and  𝑔 𝜈 =

 𝑛∈ℤ 𝑓 𝑛  ℎ 𝜈 𝑒−2𝑖𝜋𝜈𝑛 =  ℎ 𝜈  𝑚∈ℤ
 𝑓(𝜈 + 𝑚)

𝑓 − 𝑔 2
2 =  𝑓 −  𝑔

2

2
=

=  
−1/2

1/2
 𝑓 𝜈 −  𝑔 𝜈

2
𝑑𝜈 +  

𝑛≠0

 
𝑛−1/2

𝑛+1/2
 𝑓 𝜈 −  𝑔 𝜈

2
𝑑𝜈

=  
−1/2

1/2
 𝑓 𝜈

2
1 −  ℎ 𝜈

2
𝑑𝜈 +  

𝑛≠0

 
𝑛−1/2

𝑛+1/2

 𝑔 𝜈 2𝑑𝜈

=  
−1/2

1/2
 𝑓 𝜈

2
1 −  ℎ 𝜈

2
𝑑𝜈 +  

𝑛≠0

 
−1/2

+1/2

 𝑔 𝜈 − 𝑛 2𝑑𝜈

=  
−1/2

1/2
 𝑓 𝜈

2
1 −  ℎ 𝜈

2
𝑑𝜈 +  

𝑛≠0

 
−1/2

+1/2
 ℎ 𝜈 − 𝑛  𝑓 𝜈

2
𝑑𝜈



Reconstruction error

𝑓 − 𝑔 2
2 =

=  
−1/2

1/2
 𝑓 𝜈

2
1 −  ℎ 𝜈

2
𝑑𝜈 +  

−1/2

+1/2
 𝑓 𝜈

2
 

𝑛≠0

 ℎ 𝜈 − 𝑛
2

𝑑𝜈



Best reconstruction

Let 𝑓 ∈ 𝐿2 non band-limited

Let 𝑔 𝑡 =  𝑛 𝑢𝑛 sinC 𝜋 𝑡 − 𝑛 and ideal DAC

What 𝑢𝑛 minimizes 𝑓 − 𝑔 2
2 ?



Best reconstruction

Let 𝑓𝐵 = 𝑓 ∗ sinC𝜋 ∈ 𝐿2 : is band-liminted

Let 𝑓𝐻 = 𝑓 − 𝑓𝐵 that is, 𝑓 = 𝑓𝐻 + 𝑓𝐵

∀𝑔 exprimable as  sinC (band-minited), we have 

𝑓 − 𝑔 2
2 =  𝑓 −  𝑔

2

2
=  𝑓𝐻 +  𝑓𝐵 −  𝑔

2

2

=  𝑓𝐻 2

2
+  𝑓𝐵 −  𝑔

2

2
+ 2  𝑓𝐻 ,  𝑓𝐵 −  𝑔 =

=  𝑓𝐻 2

2
+  𝑓𝐵 −  𝑔

2

2
= 𝑓𝐻 2

2 + 𝑓𝐵 − 𝑔 2
2

Since 𝑓𝐵 and 𝑔 satisfy Shannon, 𝑔 𝑛 = 𝑓𝐵(𝑛) is the best 
choice and 𝑢𝑛 = 𝑓𝐵 𝑛



Sampling system

ℎ = sinC𝜋

𝑡 = 𝑛

𝑓(𝑡) 𝑓𝐵(𝑡) 𝑢𝑛

 ℎ(𝜈)

1/2−1/2

𝜈

Anti-aliasing filter
Sampling



Time normalization
If   𝑓 is sampled with period 𝑇𝑒, we introduce 𝑔 𝑥 =
𝑓(𝑇𝑒𝑥)
𝑔 is sampled with period 1, so

1. ∀ 𝜈 >
1

2
,  𝑔 𝜈 = 0

2. 𝑔 𝑥 =  𝑛 𝑔 𝑛 sinC 𝜋(𝑥 − 𝑛)
3.  𝑚 𝑔 𝑚 𝑒−2𝑖𝜋𝜈𝑚 =  𝑛  𝑔(𝜈 + 𝑛)
Moreover

𝑔 𝑥 = 𝑓 𝑇𝑒𝑥 𝑓 𝑥 = 𝑔
𝑥

𝑇𝑒

 𝑔 𝜈 =
1

𝑇𝑒

 𝑓
𝜈

𝑇𝑒

 𝑓 𝜈 = 𝑇𝑒  𝑔
𝜈

𝐹𝑒



Normalisation



Sampling system

ℎ = sinC𝜋/𝑇𝑒

𝑡 = 𝑛𝑇𝑒

𝑓(𝑡) 𝑓𝐵(𝑡) 𝑢𝑛

 ℎ(𝜈)

F𝑒/2−𝐹𝑒/2

𝜈

Anti-aliasing filter 
𝐹𝐸/2

Sampling at 𝑇𝐸


