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Function spaces

L'(R) : absolutely integrable functions

fell(R) ] |f(x)]|dx < o0
R

L% (R) : square-integrable functions

feL‘(R) ] |f () ]?dx < +o0
R

L (R) : bounded functions
feEL®(R) e 3IC eER:|f(x)] <C p.p.



Inclusions

LY(R)NL*(R) c L*(R)
Proof [ If1? < [ lIfllel f1 = lIf el f1l4

feL*(R)and JA:V|x| > A4, f(x) =0 = f € LY(R)
Proof

U= 0 sl foaal F1 S ol

2



Rules

Lk L% - L*
L% L% - L1

Lk« 11 > [k
L2 % 2 > L%



ﬁim Continuos-time Fourier Transform for
absolutely integrable functions

f € L*(R), its CTFT is f or F(f) :
v € R F(v) = [F()I() = f F()e=2imv gy
R

f is continue, bounded(”f"Oo < |Ifll1) and the limit of f as x
approaches infinity is 0.

Example: compute the CTFT of ]1[ [(

Sin Tv _ SinC(TL'V) o / \

f) =

v 0 i

u



Inversion

If f €LY (R)UL?(R) the inverse transform is
FIFIK) = | f@etnat

then F[F(f)] = f
Point-by-point identity for, L' (R) norm-identity in L?(R)

Example : compute the transform of g(x) = [sinC(mx)]?

Flgl = Flh - h] = F[h] « F[h]



Properties

Land :
£, € LM UIZ,(x) = 0%, £ (x) = f(x = )

F@f)=fv—vo)
F(HW) = fw)e



Properties

Symmetry : If Vx € R, f(x) = f(—x),
thenvVvER, f(v) = f(—v)
Hermitian Symmetry : If f is real, alors
W ER, f(-v) = f(v)

If fisrealandeven , f is real and even
Re-normalisation of time

FIF010) =< ()

Example : compute the CTFT of H[_AA

2’2
f(v) = AsinC(Anv)



Properties

vk € {0,1,..K},x*f(x) € LY(R) =
f e c®(R)and f®)(v) = F[(—2imx)* f(x)]

vk €{0,1,..K}, f € C¥(R),
f®(x) € LY(R)
=

vk € {0,1, ...K},l llim vEf(v) =0
VI—00

and F[f®|(v) = Qinx)*f(v)



Fourier Series

If felLl ( —%,%D , the FS is the sequence cy:

1
2 .

Vk €EZ, ¢, = f 1f(t)e‘z””‘tdt
2

C, tends to zero for k - +oo




Properties

f,g €LP ( —%,%D, c,d are their FS.

T(BZinmt) — 5k—‘m

p=2 F(fg)=cx*d
Ff(t)e?™ot|(k) = c(k — ko)

FIF (¢ = 1K) = c(l)e 2



Properties
Hermitian Symmetry : If fisreal, c_;, = ¢

Symmetry: If Vx ER, f(x) = f(—x), c_p = ¢k
If fisrealandeven ,itsFSisalso real and even

Parseval : If f € L? ([—%,%D and ¢y is its FS, then

cx € 1%(Z) et

1f1lz = llcll2



Inversion

fell ([—%,%D andc € [1
= Vt € [—%,%[,chezmtk = f(t)

KEL
f(—-) isthe DTFT of ¢y

f € L? ([—%,%D = Vt € [—1,%[,2,{62 2™ tends to

f(t) in norm: i
K

lim f(t) — Z ce? ™Kl dt =0

K—>o00
R K=K




Properties

oo

then :

lim kNCk =0

|kk|—>c0
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+F )]

cos[2m (f;

+2F) 1]

cos[2n (f1

==




Institut
Mines-Télécom

Poisson formula

felY(R),f € LY(R),f(n) €}, f(m) el =
11

Vv € l—zzl Z f(m)e 2immv — Zf(v + n)

meZ nez



Poisson formula

* me(m) = an(n)
- wel-23 aw) =S fv + 1)

* Aliasing
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Shannon sampling theorem
feLll(R), Vv ¢ [—l,%- f(v) =0and f(n) €I

2 2]

then

VtER, f(t) = Z f(m)sinC[r(t — n)]

nez
And

11 . R
Vv € [_f’fl' z fm)e 2™ = f(v)

MmeZ



Perfect reconstruction

vt € R, f(£) = Tpez f(W)sinCla(t — n)]

v o v B o
I

10

I I
e



Perfect reconstruction

vt € R, f(£) = Tpeg f(WsinCla(t — n)]




Perfect reconstruction

vt € R, f(£) = Tpeg f(WsinCla(t — n)]




Other reconstructions

VteR, f(t) = Z f(m)sinC[r(t —n)]

Nnez
Problems



Other reconstructions

vt € R, g(t) = Z Fh(t —n)

nez

Trunkated sinC : h(t) = sinC(t)1_r 7 (t)
Erroris O (%)



Other reconstructions

Polynomial interpolation polynomiale : g(t) is a
polynomialand Vn € Z, g(n) = f(n)

Zero-order Interpolation : h(t) = hy(t) = ]I[ 11] (t)

vt € R, g(t) = Z FMhy(t —n) &
nez

1

vVt € [m—§ m + ] g(t) = f(m)



Other reconstructions

First order Interpolation :
h(t) = hy(t) = (ho* ho)(t)
= (1 — [t]DT[=1,17(F)

VEER g(t) = ) f(hy(t —n)

nez
Let@ =t —m.

vt e |m,m+1],6 € [0,1]
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Other reconstructions

1

0.5

-0.5




Institut
Mines-Télécom

Other reconstructions
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f satisfies Poisson

Reconstruction error

9(5) = ) f(Wh(t —n)

§0) = ) fFhe2mm =

nez

h(v) z f(v+m

meZz

* Linear distortion h(v)
* Aliasing



Reconstruction error

- : . . 11
f satisfies Poisson and its spectrum has support in [—5,5]

g() =Xnf(Mh(t —n) and (T =
Ynez f(MA(v)e 27V = izl(v) ZLEZ f(v+m)

If —gli3 =|f - 4ll, =
1/2 n+1/2
_ j F) = gw)Pdv + z j F) = G| dv

—1/2 nz0 " N"1/2
1/2 A ~ rn+1/2
= [Vl -tofa+y [P
-1/2 n=0 n—1/2
1/2 A ~ r+1/2
= [ ol -+ [ ige-nra
—1/2 n+0 —1/2
1/2 +1/2
A ~ i ~ "
_ Jf |f(v)|2|1—h(v)|2dv+zJ A — ) f )| dv

~1/2 ~-1/2

n+0



Reconstruction error

I f —1792“% =
=j |f(v)|2|1—ﬁ(v)|2dv+f

~1/2 ~-1/2

+1/2
|f(v)|2 z|ﬁ(v — n)|2 dv

n+0



Best reconstruction

Let f € L? non band-limited
Let g(t) = )., u,, sinC{m(t —n)] and ideal DAC

What u,, minimizes ||f — g||5 ?



Best reconstruction

Let fz = f * sinC™ € L? : is band-liminted

Let fy = f — fpthatis, f = fy + fp

V g exprimable as ZsinC (band minited) we have

full,
fu

fs —

fs— 9

2

z +2<infB >
= fullZ + 1Ifs —

+ fp — 9”

gll3

Since fz and g satisfy Shannon, g(n) = fg(n) is the best
choice and u,,

= fpg(n)



Sampling system

Anti-aliasing filter
Sampling

f© L RO
t=n

h(v)

~1/2 ' 1/2

v



Time normalization

f fis sampled with period T,, we introduce g(x) =

f(T X)

g is sampled with period 1, so
1. Vlv|>-,§(0) =0

2. g(x) = Xp g(m)sinClr(x — n)]
3 Ymgm)e 2™ =%, G(v +n)
Moreover

900 = fTx)  fO)=g (%)

1 .[v A v
gw) =—f (T_> fv) =T.g (F)



Normalisation
1. f(v) =Te§(F) =0 Vlvl >2<:> lv| >

Zf@ =gy =
Zng(mysinC|m (- —n)| £(0) =

Yo f(nT,)sinC [1 (t —nT, )]

3. S f(MT)e2mm = L3, f (M) =
T_Qan[Fe(V +n)]
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Sampling system

Anti-aliasing filter
Fr /2
2 Sampling at T,

f® fa®) P U,
' t =nT,

h(v)

—F, /2 F./2

v



